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Answer ALL questions. Write your answers in the spaces provided.

1. (i) Use the Euclidean algorithm to find the highest common factor of 602 and 161.

Show each step of the algorithm.

(i1) The digits which can be used in a security code are the numbers 1, 2, 3,4, 5,6, 7, 8
and 9.

Originally the code used consisted of two distinct odd digits, followed by three
distinct even digits.

To enable more codes to be generated, a new system is devised. This uses two
distinct even digits, followed by any three other distinct digits. No digits are
repeated.

Find the increase in the number of possible codes which results from using the new
system.

161 = NACY) + 42
Hq = g2 (2) 435
42 = 350) 4 q
35 = 7(5) 10

- gcd (662,161) [T

ii) originally * 2 d'Stinct digits from 1,3.5,1,19
& 3 distinct digits from 2,4,6,3

total possible codeS = Py x "P3 = 480

no. of wa%,rf ‘(no.af ways fo arrange

to arrange 2 odd digits 3 even drgits

new system : 2 distinct digits from 2,4, 6,8
3 other digits fromr a list of ]

tota] possible codes = P, x "P3 = 2520

hence incre®3e in # of codes = 2520 - 430

= 12040
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Question 1 continued

(Total for Question 1 is 7 marks)
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2. A transformation from the z-plane to the w-plane is given by
w=z

(a) Show that the line with equation Im(z) = 1 in the z-plane is mapped to a parabola in
the w-plane, giving an equation for this parabola.

(b) Sketch the parabola on an Argand diagram.

&) w=2?
utive (m+iy)?

but Im(2)=| implies y=1
. W 2
utiv= (nti)
wtiv z i amy it
= ‘nz"' 20y -

utiv s (n2-1)+ 2nj

equating real components : u=n'-I —U

cquatiﬂg imaginaw Components : vV 2n — @

now eh’mina'h'ng 1 from @ and @ :

%:u u=(¥i)2—|
ws -y-z -1
y
ju=vi-y
viz4u+y
Im
b) 1

<

U
s
o
=

Re

[
A 4
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Question 2 continued

(Total for Question 2 is 6 marks)
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3. The matrix M is given by
2
1

S =
A~ O O

(a) Show that 4 is an eigenvalue of M, and find the other two eigenvalues
(b) For each of the eigenvalues find a corresponding eigenvector.

(¢) Find a matrix P such that P"MP is a diagonal matrix.

a) M= 2 1 a
v 2 0
-1 o0 4
M-AI: 1-A | 0
1 2-A 0
-1 0 4-A
0 0
-1 + =
I l-l H-XI 0 =0

2-A
def (M-AL) - (9~~’\)’ 5 HA

(2-A2-A) (#-A)-[u-A] =0

(4-A)[(2-2)*=1 ] 0
(4-x)(A2-4A43) =0

(4-A) (A-3)(A-1) =0

A=4 , A=3 ,A=1  are gur Solutions

So

hence 4 s an eigenvalue as are 3 and |

b) Ax = Ax
2 1 0 ¥ Yx
) 2 0 ( Y N Yy
-1 o ¥4 e 42
X+ = 4x > 2x-=
¥t 2y Hy = 2y =X 2 coordinate can
be anything here

4z-X =42 S x=

0
S0 an eigenvector is ( ° ) (corresponding to A=}4 )

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 3 continued

2 1 0 X x
1 2 0 ( Y oy
e

-1 o H z

2Xty= X —> X=-y 7 lef x=]

X+2y=y S X= -y then Y= -1
and'z="3‘

Y2 -x=2 - 3Z=x

3
S0 an eigenvector is ('? ) or anything parallel to this

(corre:pondir\g to A= I)

2 1o b3 3x
l 2 0 Y =1 3y
-l o Y z 3z
2x +y = 3x > X=y
X +2y =3y > x~y p 80 x=y=2
Yz -x =32 2 xc2

1
hence eigenyector correspondin3 to A=3 IS ( ! )
!

¢)P=f0 3 1 colurans can be in any order
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Question 3 continued

(Total for Question 3 is 10 marks)
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4. (i) A group G contains distinct elements a, b and e where e is the identity element and
the group operation is multiplication.

Given a’h = ba, prove ab # ba

(i) The set H={1,2,4,7, 8, 11, 13, 14} forms a group under the operation of
multiplication modulo 15

(a) Find the order of each element of H.

(b) Find three subgroups of H each of order 4, and describe each of these subgroups.

cos| — [ sin
The elements of another group J are the matrices 4 4
. ( kﬁ) ( kn)
—sin| — | cos| —
4 4

where k£ =1, 2, 3, 4, 5, 6, 7, 8 and the group operation is matrix multiplication.

(c) Determine whether H and J are isomorphic, giving a reason for your answer.

i) proof by contradiction :
assume  ab=b&k,
then oab = aba
atb = aba
but we are told a?b = ba , this must mean that a=e from our 0 SSumption , bu}
o is not the identity element 8o this iS a contradiction.
hence ab # ba

i18) || has order | (identity)
2%=4 =y
23:=8 =¢

2% 216 =1 (mod 15) so order of 2 = Y

42216 =)  (mod 15) S0 order of Y =2
1= 49 = 4
73=7%x1 = 4¥1= 28 =13
Y _. 93 = = =
17 =7°%x7 2 3x7= 9] = | 80 order of 7:=4
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 4 continued
8% =4 =u
gd= 8*x8 = 4x8 =32

=2
g4 83"351X8 =16 = | so ovder of 8§ =4
2= 121 21 (mod 15) So  order of N=2
132169 =4
133= 1323x)13 = yx13 = 52 =7
139:133%13 2 7%13 =91 S| go order of 13 =4
M2=196= | (mod15) so order of =2

b) 1| must be in each subgroup
A possible gubgrowp is ‘{ 1,2,4,8 }
another possibility is {1,%,7,13}
note that 2 is a generator of the first and 7S a gtnerator of the fecond. They are
both cacllc'.
anotmer subgroup is {r.u, ":"‘}
k) Kliein Group(.

each element has order 2

€) notice that the matrix cos(‘%‘) siv(%)
lock wise : k
corresponds to clo . i ¢ -sm(@,}‘) co;(_qg)
rotation through | )
about O.

so k=8 will give us the identity matrix (360° rotation) which means that the element

corresponding to k=1 has order 8  since it takes 8 comsecutive -H-/q5° rotations to
reach the idertity element.

But H doesn’'t have an element of order 8 80 they aven’f isomorphic.
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Question 4 continued

(Total for Question 4 is 13 marks)
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Figure 1

An engineering student makes a miniature arch as part of the design for a piece of
coursework.

The cross-section of this arch is modelled by the curve with equation
y=A4- %costh, —Ina <x < Ina

where @ >1 and 4 is a positive constant. The curve begins and ends on the x-axis, as
shown in Figure 1.

1
(a) Show that the length of this curve is /’c(a2 — —2), stating the value of the constant k.
a

The length of the curved cross-section of the miniature arch is required to be 2m long.

(b) Find the height of the arch, according to this model, giving your answer to
2 significant figures.

(c) Find also the width of the base of the arch giving your answer to 2 significant figures.

(d) Give the equation of another curve that could be used as a suitable model for the
cross-section of an arch, with approximately the same height and width as you found
using the first model.

(You do not need to consider the arc length of your curve)

Ina
%) arc length = J'M H(‘a’%)" dn

= A-TF cosh2w

(<3

: -:1 sinh2n = -sinhan

22,

d 2 < sinh" 2n
ne
dy\ a . a
“(Ti) = |+S§inh* 2n
= cosh? 2%
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 5 continued

ina
. length = ] /cosh’ 2 du

~Ina
na

_J cosh 20 dn

-Ina
Ina

‘["i ginh lu}
-lna

<[4 sinh (2a) ] -[4 sinh (-2ma )]

2lna -2ln0 ag_-&—i
= sinh (2Ina) = &—& — .
2 "3
Ao 2ma Lo g2
-e a
= ginh (-2ma) = ry * =
2. A
_L(a a? __,_(az az)
so length= 3 \ ™3 2 2
1
=y [a®-%27 -37 ta?]
L 2
Yy [Za :L-az]
=% [a*-m k=Y
4
b) we want : T (G:—' ar ) =2
"2 ('a" -a* =Y
2
xa* (g9 oy < uat

a"-Y4a* - 1=0
et a2cw , w?-%w-1=0

quadraticformula: = 2+J§ = ol
ab:,'.q w= 2-Js = a?

cz-t a is positive so a? = 2+J5
(and @ ER )

ot y=0 : A ~"i cosh (2ina) =0
n:=lna
g0 A =% cosh (2ina)
at m=0 , y= height = % cosh (2ima) - % cosh (0)
= & cosh (2Ina) ’J‘f

2~ 0.62Mm

lookk at given domain
¢) width = 2Ina< 3

2 1.4m
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Question 5 continued
d) height (g-im‘ercep't) < 0.62
% intevcepts are 1 0.7

and the arch s quite ¢imilar to a parabola , So Something of the form
y:0.62 -un® would be fine (where & is @ constant)

40 approximate K , substitute y=0, n=0.1

RPN o.tS’i?-1 = -9 to 3s.f.
(0.1 & nse exact values

$0 y: 0.62-1.9n?
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Question 5 continued

(Total for Question 5 is 12 marks)
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6. A curve has equation

lz+6|=2|z—6| zeC

(a) Show that the curve is a circle with equation x* + y* —20x + 36 =0

(b) Sketch the curve on an Argand diagram.

The line / has equation az* + a*z =0, where a € Cand z € C

Given that the line / is a tangent to the curve and that arg a = 0

(c) find the possible values of tan 8

g\) |Z+6' s '2|Z‘6)

Inriy+p | = 2| n +iy-6]
nte6)+iy | = 2])(n-6)tiy]
(w1 +y2= 4[(n-6)"1y?]

M24120 4364y 4 (n-6) "y ty?
n*4+y? 12t 36-4y°
n*- 3y 1129 + 36
3w+ 3y -g0n +108:0
=3
nT+y*-20mt36=0

"

[{]

[{

b) (n-10)*~- 100 +y* = -3¢
(w-10)* + y? 64
circle centve (10,0) , radius = §

of

€] 0= wnt v

z=u.‘n'3

az*+a¥z -9
(utiv)(n-iy)t (u-iv)(n1iy) =0

un -%-& y(l tvy +u‘n-99/i-v%wg.-.o

?.an?.vy =0
urn + vy =0

y(n*-12n 136)
yu2-43n + 14y

o] 7

y * '—v“—-n. so ! passes through 0

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 6 continued
+wo possibilities 2, 2
. +8&
Both have gradients 7 =
This Can be Seen using similar

ti
- 3 .

triangles if you first consider
+he shaded triangle-

- y
sov=1‘_{
.+ 4
y*-3™
. \"J
but we want arg a (ie w)
l:*i— :1—3'
=1 so tan © T
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Question 6 continued

(Total for Question 6 is 9 marks)
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T

I = J?sin” xdx, n>0

(a) Prove that, forn > 2,

nl =m-DI ,

(b)
VA

=V

Figure 2

A designer is asked to produce a poster to completely cover the curved surface area of a
solid cylinder which has diameter 1 m and height 0.7 m.

He uses a large sheet of paper with height 0.7 m and width of zm.

Figure 2 shows the first stage of the design, where the poster is divided into two sections
by a curve.

The curve is given by the equation
y = sin?(4x) — sin'’(4x)
relative to axes taken along the bottom and left hand edge of the paper.

The region of the poster below the curve is shaded and the region above the curve
remains unshaded, as shown in Figure 2.

Find the exact area of the poster which is shaded.

Y,
a) In: f §in u ginuw dn

. n-1
0
by
dv . .
powTS(, - sinn du‘(sinu)" l
W -2
V = -CoSn T = (n)(sin" ) (cosu)

0 %,

a2
= [_cosu m‘n)“']n - jo (-coSu)(n~l)(sin"'2n)(Cosu) dn

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 7 %)ntinued
= (n-l)J *(cos*n ) (sin"*n) dn
0

ﬂ/l . n-2 792 nlt
= (n-u)Jo (1-sin*n)(sin"""n) dn = (n-l)Jo sin"?wdw - (n-1) , Sin"u dn
\'In'l Lln
2 Inz (n-1)Ipg ~(n-1)1p
In (1tn-1)= (n-1)In-2
hence nl, = (n-\)Ip-2
(n-1
b) In= ':\ In~?.
Lo =7q'5 lg
13 =‘Jg‘ I‘
I‘ -‘--i— Iq
Iq e -a- I:,
I, =':'i?10 %,
2
Io -‘-Lz sin *wdn =J° (dw = ['u.]az v
1:58(2 s 631
so Lioe 15 (F(F (4 (£(%))))) = o7
" n 512
12221 =3 In has limits
n 0 and%‘
Area=J sin?4u - sin"4n dn = 2 (I,-1,)
Q s 9 (ll’._ _ 631
= 2 5y
.[esm
25¢
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Question 7 continued

(Total for Question 7 is 9 marks)
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8.

)

b)

A staircase has n steps. A tourist moves from the bottom (step zero) to the top (step ).
At each move up the staircase she can go up either one step or two steps, and her overall
climb up the staircase is a combination of such moves.

If u is the number of ways that the tourist can climb up a staircase with n steps,
(a) explain why u_satisfies the recurrence relation

u=u _ tu ,,withu =1andu,=2

n n—1

(b) Find the number of ways in which she can climb up a staircase when there are eight
steps.

A staircase at a certain tourist attraction has 400 steps.

(c) Show that the number of ways in which she could climb up to the top of this staircase

is given by
L 1+ \/g 401 ) 1_ \/g 401
NI 2

suppose first move is just one step ... then there are “n- ways to climb the remainder
of steps , but if the first move is two steps ... then there are }1‘_3_-_3 way$ to climb
the other steps.

so total # of ways = Upg t U, .,

w,* 1 gince there is only | way togo up | step and Similarly ®;=2 as there are 2
weys.

u3=u,_fu.=3

Wy =U3+ U, = 312 =5
Ug = Uy+ U3 = 543 =8
Ug = Ug + Uy = 8+S =13
Uy = Ug + Ug = )13+8 = 2]
Mg = Uq+Ug = 21 +13 = 3Y

€) (homogenouns 2" order R.R)

aunxiliary : r2 = r+i

2 -
ré-r-{=0
145
by guadratic equation : r=—
a=1 re |5
b= -l 2
c=-l
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 8 continued

So Mn--A('—‘;E B( -ﬁ) IS owr geheml Solution
Finding A and B :

wel |=A(%’B—)+B('—{§) — Q@

w2 e A(2E)2ep (L)

() (5F) 6

J-' -
2x@® =@ A5 ) ¢t 3(|'£)=A(L‘;’T§)+B(§’_j§)

‘1 A(2+2V5 ) +B(2-245)= A (3445 )+ B (3-]5)
Al1-45) tRB(145) =0
A= -(14J3) B
(1-4%)
so from(® : "3("43)(%-‘)*3( "J_)
(61215 )
"B (

s
12 -8 (-2+3) +8( ==
: 8(%"—-%%”3)
SOB;T."

_ 53¢
= 10
-O4s)  (5-T5)
(1-Jg) (10)

5t.JS
to

(35)[145)" (5) (52"
at N=Y00, WU yoq © ( Stz )( l*ﬁ)“"., (5_{é ('_’_J:S.)%o
XSS 10 2 10 2
St

but note =5~ = 5 1nis manes the gimplification

N> much easier
X 515 23

SIS _ -1tJfE
1o 2.5

and A

and Similarly
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Question 8 continued
140§ \ [ 14J5 | ¥00 (5 -l ) (l-J's'.
- Wugg *| 778 ) 2 t ( 2
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Question 8 continued

(Total for Question 8 is 9 marks)

TOTAL FOR PAPER IS 75 MARKS
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